We report on an investigation of student ability to account for static equilibrium in the simple familiar case in which an object is balanced on a frictionless pivot or fulcrum. Written questions were administered to more than 1000 university students who had completed the relevant instruction in introductory calculus-based physics. Almost all the students were able to answer questions about simple systems composed of point-like objects. However, when the mass distribution was continuous, most students attributed equilibrium to forces of equal magnitude applied on both sides of the fulcrum. Moreover, many students treated horizontal and tilted bodies, even if they were at rest, as distinct cases. The difficulties we identified were very persistent. Hands-on activities that were not influenced by research results had no discernible effect on student performance. Direct attempts to address specific difficulties using lecture demonstrations based on the research tasks described in this article led to some improvement. Greater success has been achieved by using a tutorial in which students work in small groups on experiments and exercises suggested by research findings.
I. INTRODUCTION
In introductory physics, students learn that both forces and torques must be considered in analyzing the motion of rigid bodies. In particular, they are taught that for an object in static equilibrium, the net force and the net torque ͑about any point͒ must both be equal to zero. They apply these conditions to analyze simple cases, for example, to find the forces exerted on a rigid ladder resting against a frictionless wall. To ascertain whether students had grasped these basic ideas, we administered written questions to students in introductory physics at the University of Washington ͑UW͒ and other universities. 1 We also conducted several detailed interviews with individual students. Our primary interest was to determine student ability to reason qualitatively about the forces and torques exerted on an object or system in equilibrium. We focused on a rigid body balanced on a single fulcrum or pivot. This case is sufficiently straightforward that mathematical complexity is unlikely to mask conceptual difficulties.
II. CONTEXT FOR RESEARCH AND CURRICULUM DEVELOPMENT
Most of the investigation described in this article took place in the introductory calculus-based physics course at UW over several years. Most of the students in this course (ϳ85%) had taken high school physics. The majority (ϳ70%) intend to major in engineering; most of the others are mathematics, computer science, or physics majors. Students attend three lectures ͑in groups of about 100-200͒ and perform a three-hour laboratory experiment each week. They complete weekly homework sets ͑either written or computerbased͒ which mostly consist of standard quantitative end-ofchapter problems. In addition, students participate each week in a 50-minute tutorial in which they work in small groups to do experiments and exercises designed to address specific difficulties revealed by research. 2 The labs and tutorials are taught by TAs; the lectures are by faculty from the Department of Physics. Two popular introductory textbooks were used during the course of the investigation. 3 Instruction on rigid-body mechanics lasts for two to three weeks. Torque, angular acceleration, moment of inertia, conservation of energy, and conservation of angular momentum are covered in lecture and homework problems. The emphasis is on pure rotational motion and combined rotational and translational motion ͑for example, rolling without slipping͒. About one lecture is devoted to the special case of static equilibrium. Students are taught that in this case, the net torque must be zero about all points, but a judicious choice of reference point can greatly simplify the analysis. The topic of center of mass initially is introduced during instruction on systems of particles and generalized to continuous mass distributions in the treatment of static equilibrium.
For most of the duration of this investigation students performed two laboratory experiments on rotational kinematics and dynamics. They also worked through a tutorial that had been designed several years earlier to address difficulties with the application of Newton's second law and its rotational analog to bodies in combined rotational and translational motion. 4 As a result of our findings, an additional tutorial devoted to static equilibrium was developed.
III. PROBLEMS TO PROBE STUDENT UNDERSTANDING
We describe here some of the problems we administered, give the correct answers, summarize the results, and briefly note common incorrect student responses.
The first three problems are variations of a basic task in which students were asked how the masses of the portions of a body to the left and right of a fulcrum compare. This task requires them to recognize that there are torques of equal magnitude on both sides and to estimate the locations of the centers of mass of the two pieces. The other two problems probe student understanding of specific aspects of the concept of center of mass or of the definition of torque.
Because our primary interest was in learning about gaps in student understanding after formal instruction, we administered the problems after the relevant ideas had been presented in lecture. Often homework problems and laboratory experiments also had been completed. Unless otherwise noted, the students had not had any tutorial instruction on rigid body mechanics. 5 The questions were included on course examinations or on nongraded quizzes, either administered in the lecture hall or later in the investigation on the web. ͑The web versions were multiple-choice, but students were required to explain their selection.͒ Although students taking the quizzes on the web could in principle consult with one another or use other resources, they performed at the same level as those taking the quizzes in class. Moreover, the results were essentially the same whether or not the problems were graded. 6 Some of these problems were administered at other colleges and universities, with consistent results.
A. The baseball bat problem
The problem in Fig. 1 concerns a baseball bat of uniform mass density that is balanced on a finger. 7 Students were first asked where the center of mass of the bat is located relative to point P ͑directly above the finger͒. They were then told to imagine the bat being cut into two pieces through point P and asked how the masses of the resulting pieces ͑labeled A and B͒ compare. The following is a correct response from a student:
''If you were to consider each of the pieces to have a center of mass of their own, the x cm on A would be at a farther distance from the break. m A would be smaller than m B whose x cm is not as far away from the break.''
This problem was posed in seven sections of the UW calculus-based introductory course (Nϭ674). ͑The results from the various sections did not differ significantly so they were combined.͒ As shown in Table I , about 95% of the students correctly answered that the center of mass is located at point P. In contrast, only about 20% answered the mass comparison part correctly. 8 Essentially all of the other answers stated that the two pieces have equal mass.
B. The crates problem
In this problem the continuous mass distribution of the baseball bat was replaced by a discrete distribution ͑see Fig.  2͒ . The students were asked to compare the masses of two crates that rest on a long, uniform beam that is supported at its midpoint on a fulcrum. To answer correctly, the students could note that the beam itself can be neglected and thus the crates must produce torques that are equal in magnitude. Crate B is obviously closer to the fulcrum, so the force it exerts on the beam must be greater. 9 In contrast to the bat problem, about 95% of the students gave a correct response (Nϭ170). This discrepancy is discussed in Sec. IV.
C. The two-piece bar problem
Although the baseball bat and crates problems involved horizontally balanced systems, the two-piece bar is tilted ͑see Fig. 3͒ . The students were told that the shaded and unshaded parts are composed of different materials ͑each of uniform density͒ and that friction between the bar and the pivot ͑at the junction of the two pieces͒ could be ignored. Students first were asked to compare the masses of the shaded and unshaded pieces. Then they were asked to select from one of the three marked points the one that best represents the center of mass of the bar ͓see Fig. 3͑b͔͒ . Finally, they were told to imagine that the bar is rotated and held at rest in a horizontal orientation ͓see Fig. 3͑c͔͒ and were asked if it would remain at rest when released.
A correct answer to the first part can be obtained using the same reasoning as for the baseball bat and crates problems. The torques produced by the shaded and unshaded pieces can have equal magnitudes only if a greater gravitational force is exerted on the piece whose center of mass is closer to the pivot, which implies that the shaded piece has greater mass. The information given that the bar is initially at rest, together with its lengthwise symmetry, indicates that its center of Fig. 1 . The baseball bat problem. Students were told that the bat has uniform mass density and that it is at rest on the finger. In ͑a͒ students were asked if the center of mass of the bat is to the right or to the left of point P, or at point P. In ͑b͒ students were asked if the mass of piece A is greater than, less than, or equal to the mass of piece B. Fig. 2 . The crates problem. Students were told that the two crates are at rest on a beam of uniform mass density and that the fulcrum is beneath the beam's midpoint. They were asked if the mass of crate A is greater than, less than, or equal to the mass of crate B. Fig. 3 . The two-piece bar problem. Students were told that the shaded and unshaded parts have different uniform mass densities and that the bar is at rest on a frictionless pivot that is at the junction of the two pieces. In ͑a͒ students were asked if the mass of the shaded piece is greater than, less than, or equal to the mass of the unshaded piece. In ͑b͒ they were asked which of the three marked points ͑A, B, or C͒ best represents the location of the center of mass of the bar. In ͑c͒ they were told that the bar is rotated until horizontal and released from rest. They were asked if it would remain at rest or rotate. mass is at the pivot. The gravitational force on the bar as a whole will therefore not produce a torque about the pivot in any orientation. Therefore it will remain at rest while horizontal.
As shown in Table I , fewer than 5% of the students answered all three parts correctly (Nϭ350). ͑As shown in Table I , results from the University of Colorado at Boulder were similar.͒ The percentage of students who answered the mass comparison part of the problem correctly was similar to that for the baseball bat problem ͑about 20%͒. The most common incorrect answer was not that the masses of the two pieces are equal, but that the mass of the lower piece is greater. In contrast to the bat problem, most students did not realize that the center of mass is at the pivot; a majority located it on the lower part of the bar. Few students predicted that the bar would remain at rest when released in the horizontal position; most explicitly stated that it would return to its original location.
D. The triangle problem
The triangle problem is intended to assess student understanding of the center of mass as the point at which the mass of an object can be treated as concentrated ͑or the point at which the gravitational force can be taken as acting in a uniform gravitational field͒. The students are told that a triangle ͑P͒ and a rectangle ͑Q͒ of equal mass rest on a massless board supported on a fulcrum ͑see Fig. 4͒ . The triangle is moved toward the fulcrum in two successive 10 cm steps such that, after the second step, part of it extends over the fulcrum. The students were asked how far the rectangle must be moved in each step for balance to be maintained. The correct answer is that the center of mass of the rectangle must move as far as that of the triangle, whose center of mass remains to the left of the fulcrum in both cases. The details of the mass distribution can be ignored.
About 85% of the students answered the first part correctly (NϾ1000). A typical response was: ''P and Q have the same mass. The CM of P moves 10 cm, then the CM of Q should Fig. 4 . The triangle problem. Students were told that objects P and Q are uniform and have the same mass. In ͑a͒ students were told that object P is moved 10 cm closer to the fulcrum. They are asked how far object Q must be moved to maintain balance. In ͑b͒ they are told that object P is moved an additional 10 cm so that part of it is on the opposite side of the fulcrum. They are asked how far object Q must be moved to maintain balance. Table I . Results from the baseball bat ͑Fig. 1͒, two crates ͑Fig. 2͒, and two-piece bar ͑Fig. 3͒ problems. Results from the various course sections at a given university did not differ significantly and have been combined. In all problems students were asked to compare the mass of one portion of the system to the other ͑pieces A and B in the cases of the bat and crates; shaded and unshaded pieces for the two-piece bar͒. In the bat and two-piece bar problems, students also were asked to identify the location of the center of mass. In the two-piece bar problem students also were told to imagine the bar being rotated until horizontal and then released. They were asked whether it would remain at rest. The differences in the angular orientation ͑horizontal or tilted͒ and the mass distribution ͑discrete or continuous͒ account for the differences in the results. ''Standard'' instruction connotes the presentation of relevant ideas in lecture and textbook ͑and in most cases includes assignment of homework problems͒. All percentages have been rounded to the nearest 5%. move the same distance.'' Only about 50% of the students answered the second part correctly. A few claimed that the board cannot be balanced because there are no longer equal amounts of mass on both sides of the fulcrum. The others argued that the rectangle must move either a greater distance toward the fulcrum than the triangle ͑15%͒, or a smaller distance ͑25%͒. Essentially all of the explanations contained a statement to the effect that ''part of object P actually moves to the right side of the board.''
E. The clay problem
The clay problem tests student ability to reason qualitatively with the definition of torque as ϭrϫF, where r gives the position ͑with respect to a specified reference point͒ at which the force F is applied. ͑The idea that torque is proportional to ͉F͉ and ͉r͉ would suffice for the other problems.͒ The students were told that with a small piece of clay attached, a rectangular piece of pegboard remains at rest when placed on a frictionless pivot through one of the holes to the right of center, as shown in Fig. 5 . They were asked whether the pegboard would remain at rest if the piece of clay were directly below its original position. The board would remain at rest because the torque produced by the clay is the same in both locations. ͑Although the position vector of the clay relative to the pivot, r, changes, the component of this vector perpendicular to the force exerted on the board by the clay does not. 10 ͒ About 35% of the students answered correctly (NϾ500). Many others considered only the fact that the magnitude of the position vector changes.
IV. STUDENT DIFFICULTIES
Here we identify several conceptual difficulties that seem to underlie many of the incorrect responses to the problems we have described. This description of the students' ideas and the circumstances under which they are expressed is intended as a resource for the development of curriculum and for instruction more generally. We also comment on the persistence of specific difficulties and their interpretation.
A. Student ideas about the relationship of force, torque, and mass to balancing
Many of the responses to the problems revealed confusion about the variables involved in balancing and their relationship to one another.
Difficulty distinguishing torque and force. Many students who claimed that the pieces of the bat ͑or the two-piece bar͒ have equal mass explicitly attributed the balanced state to equal forces applied on either side of the fulcrum, rather than to torques of equal magnitude. For example, one student wrote:
''To be able to balance the bat, the forces on the right of P and the forces on the left of P cancel each other out ... the masses are equal.'' This idea did not appear in responses to the crates problem. To understand this discrepancy, we asked the crates question during informal conversations with a few students. If a student correctly deduced which crate was heavier, we asked him or her to compare the total mass to the left of the fulcrum to the total mass to the right. Because the board adds equal amounts of mass to both sides, the total mass is greater on the side with the heavier crate. However, some students claimed that the total masses are equal. When challenged, they recognized the contradiction with their earlier answer and struggled to resolve it. A few students said that the lighter crate ''acts like'' a heavier object because it is farther from the fulcrum. This response suggests an attempt at generalizing the concept of force to incorporate the positiondependence of torque, producing a single ambiguous quantity.
The situation is reminiscent of research findings concerning mass, volume, and density. 11 In this case, many students seem to employ a vague notion of ''amount'' that is more masslike in some circumstances and more volumelike in others. Their confusion often was revealed as a tendency to choose the concept of mass when volume is appropriate, or vice versa. For instance, when objects of equal volume but different mass were lowered into identical containers of water, many students predicted the heavier object would cause a greater rise in water level. In other situations, students unerringly chose the right concept. 12 With these findings in mind, we interpret the tendency to argue in terms of force when torque is appropriate as evidence of a failure to distinguish fully between the two concepts. It must be emphasized that the students are not simply using one well-defined idea in place of another, in which case a goal for instruction would be to convince them to replace one with the other. Rather, the challenge for instruction is to help students develop an understanding of each concept and its relationship to the others.
Belief that a tilted orientation is caused by unbalanced torques (or forces). The distribution of incorrect answers was significantly different for the baseball bat and two-piece bar problems ͑see Table I͒ . The written responses to the latter revealed that many students focused on the bar's orientation. A typical explanation was ''The total mass to the left is more than the total mass to the right because the bar is tilted down on the left due to heavier weight.''
The tilt of the bar also was a concern to many students who claimed that there is not enough information to infer how the shaded and unshaded pieces compare. One wrote:
''We don't know the difference in lengths of the pieces, so the torques will be different, so we can't tell if the reason Fig. 5 . The clay problem. The students are told that with the piece of clay attached as shown, the piece of pegboard will remain at rest if hung from the top row, two holes to the right of center, on a frictionless pivot. They are told that the piece of clay is moved to a location directly below its original position. They are asked whether the board would remain at rest, rotate clockwise, or rotate counterclockwise if it were placed back on the same pivot and again released from rest.
for rotation is due to the center of mass of the unshaded piece being farther from the pivot than the shaded piece, or it being heavier ... if u ͓unshaded͔ is much longer than s ͓shaded͔, u ͓unshaded͔ might have less mass, but more torque, since the center of mass is farther from the pivot.'' Many students also cited the bar's orientation in explaining how they determined the location of its center of mass: ''If point B ͓at the pivot͔ were the center of mass, then the board would be perfectly horizontal.'' Students who claimed that the bar would return to its original state when released from the horizontal position often referred to its presumed mass distribution: ''Because the unshaded side is heavier, it will fall down, and be the closest to the ground.'' Evidently many students assume that they must account for the tilt of an object. We reported a similar tendency of students to use information about the positions of pointlike objects to make erroneous inferences about the forces exerted upon them. 13 These difficulties are reminiscent of the well-documented tendency of students to treat constant velocity as evidence of a nonzero net force, effectively treating motion itself ͑and not just changes in motion͒ as something that requires a cause. 14 Belief that all objects have a natural ''equilibrium'' position. Some of the students who predicted that the bar would return to its initial position gave very brief explanations in which they offered no causal mechanism ͑often a sign that the answer seems self-evident͒. For example, one student wrote: ''The board will move to restore its equilibrium position described earlier.'' Another explained: ''It would go back to the position described in part 1 because that is where the system wants to be.'' Such responses could reflect an incorrect generalization from the familiar behavior of the equal-arm balance ͑in which case the center of mass is typically below the pivot͒. The fact that students assume that the bar will behave the same way suggests that they do not understand the mechanism by which a balance operates.
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B. Student understanding of the concept of center of mass
Many student responses to the problems we administered revealed a lack of understanding of the definition and the interpretation of the concept of center of mass.
Belief that the ''center of mass'' divides an object into two pieces of equal mass. The baseball bat problem requires students to estimate the locations of the centers of mass of the two pieces. However, almost none of their incorrect responses could be traced to an error in doing so. Many students instead explicitly expressed the belief that there are, in general, equal amounts of mass on either side of the center of mass. For example, one wrote:
''m A ϭm B . The term 'center of mass,' when translated into everyday English means the 'center of mass,' i.e., if separated at the center, half will be on one side and half on the other.'' Many responses to the two-piece bar problem are consistent with this way of thinking. Specifically, 75% of the students who claimed that the two pieces have equal mass stated that the center of mass is at their junction; 80% of those who claimed that the lower piece has greater mass stated that the center of mass is within that piece. Such errors might reflect linguistic rather than conceptual confusion. However, the frequency with which such responses occur, even after the direct attempts at amelioration described later in this section, suggests that the problem is deeper than a misinterpretation of terminology.
Failure to understand that the gravitational force can be treated as acting at a single point. The shape of the twopiece bar is simple enough that locating the centers of mass of the shaded and unshaded pieces should be trivial. However, each of these pieces is partially on one side of the pivot and partially on the other ͑see Fig. 3͒ . Although most students apparently ignored this ͑minor͒ complication, it was evidently a concern for some. They did not seem to realize that the gravitational force on the entire shaded or unshaded piece could be treated as acting at its center of mass, and thus the triangular portions that are on the opposite side of the pivot are automatically taken into account. The results of the triangle problem suggest that for many students the problem is more serious than a failure to recognize a significant simplification. Many students apparently assumed that they had to correct for the portion of the triangle that extends over the fulcrum, thus explaining the significant drop ͑about 35%͒ in the number of correct answers from the first part to the second part. The results suggest that many students do not realize that the gravitational force exerted on an entire object, or a specific part of it, can be treated as acting at a single point.
C. Student ability to reason with the definition of torque as a cross product
In responding to the two-piece bar problem, some students who recognized that equal-magnitude torques are produced on both sides of the pivot lacked sufficient mathematical skill to proceed. For example, a number of them wrote r s F s sin s ϭr u F u sin u ͑where s and u refer to the shaded and unshaded pieces, respectively͒, but failed to identify the relevant angles and thus did not realize that sin s ϭsin u .
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Apparently these students did not recognize that they need consider only the component of r that is perpendicular to F. This difficulty was revealed in many responses to the clay problem, in which many students took into account only the fact that the magnitude of r changes as the piece of clay is moved vertically downward on the pegboard. Although our results do not address student ability to compute a cross product given complete information about the vectors involved, they suggest that many students lack skill in reasoning qualitatively with cross products.
D. Commentary on persistence of student difficulties
Many of the student errors we have described were observed with similar frequency both before and after standard instruction in the introductory course ͑see Table II͒. 17 Additional evidence of the persistence of student difficulties comes from a sophomore-level course on statics taught in the UW College of Engineering. The course is required for majors in several departments, including civil and mechanical engineering. Introductory calculus-based physics is a prerequisite. The entire course is devoted to applying the equilibrium conditions to increasingly complicated systems, for example, trusses. Procedures for locating the center of mass of an arbitrary shape are given considerably more emphasis than in introductory physics. These procedures are generalized to other distributed forces, such as those exerted by wind and water. Students attend three lectures and one problem-solving session each week, and are assigned homework. A standard text is used.
The baseball bat problem was given on a quiz after eight weeks of instruction in the statics course. Only about 15% of the students answered correctly. In addition to instruction by lecture and textbook, the students had participated in a twohour session in which they worked in small groups with the guidance of TAs to locate the centers of mass of various shapes by mathematical means. They checked their results by balancing the objects on a fulcrum or by hanging them from a thread. Evidently their hands-on experience did not help the students develop a qualitative understanding of the calculations they had performed.
Even direct attempts to address apparent difficulties were not as successful as might have been expected. For example, an instructor in introductory physics who was familiar with our research showed his students a piece of plywood cut into the shape of a baseball bat and posed the questions described earlier. After eliciting predictions, he placed the two pieces of the ''bat'' in the pans of an equal-arm balance to show that they had different mass. He then explained the result. When given the baseball bat problem a week later, about 40% of the students correctly identified which piece had greater mass (Nϭ84). 19 Although these results are better than those obtained when no special effort was made, they are not very encouraging. Especially disturbing was the fact that a few students cited the demonstration to support an incorrect answer: ''m A ϭm B . ͓Professor X͔ did a demo in class and weighed both sides. Also, if m A was anything but equal to m B then the bat would tip to one side.'' As has been reported, seeing is not believing.
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The presence of closely related and mutually reinforcing difficulties can help account for such persistence. The two common explanations offered for the ''equal mass'' answer on the baseball bat question are examples. Some insight was gained in individual interviews in which we posed this problem to students from the introductory physics course. As illustrated by the following dialogue between a student ͑S͒ and an interviewer ͑I͒, apparent success in addressing one of these difficulties does not necessarily indicate that the confusion has been resolved. S: The center of mass ͓of the baseball bat͔ is at P. I: How do the masses of the pieces compare? S: ... if you are balancing something, the mass is equal on each half. The weight force here ͓points to the midpoint of the left part͔ is the same as the weight force here ͓points to the midpoint of the right part͔. ͑The interviewer subsequently tried to lead the student to a correct answer.͒ I: How would you describe the angular acceleration? S: It would be zero. I: Is that consistent with your forces? S: I said the forces are equal, which is a lie because torque is equal ... so there is actually more weight on the right than the left ... the weights are different because the radii are different. I: Earlier you said the center of mass is at point P. Do you still agree? S: It ͓the center of mass͔ is going to move to the right; you gotta ͓sic͔ move it to the right to put more mass to the left until they're equal. Even after rejecting the idea that equal masses are required for balancing, this student persisted in believing that equal masses are found to either side of the center of mass. Without reconciling these ideas ͑which few introductory students do on their own͒, his understanding will remain seriously flawed.
E. Commentary on the interpretation of student responses
We have identified conceptual difficulties suggested by the common incorrect responses given by students. These difficulties were presented in terms of incorrect ideas that students expressed or in terms of correct ideas that they failed to express. To provide guidance for instruction, we intentionally emphasized the links ͑or lack thereof͒ to the concepts and principles the students were taught. We referred to some Table II . Results for the baseball bat problem ͑Fig. 1͒. The instruction prior to the problem being given is summarized. Results after the research-based tutorial described in Sec. V are included. None of the students were asked the question more than once. Data obtained from a section of the engineering statics course at UW after hands-on activities related to the center of mass also are shown. The results indicate the underlying difficulties are highly persistent. All percentages have been rounded to the nearest 5%.
Course:
Introductory ideas that are explicitly expressed and that are especially tenacious as beliefs. However, even these ideas are not always expressed consistently. It is worth keeping in mind that the connection between students' predictions and the ideas they were taught may be more superficial and fleeting than is implied in many of their statements. Such a view has been expressed by diSessa, who has argued that many students respond to qualitative physics problems on the basis of abstract ideas that are consistent with common phenomena and that often seem self-evident. 21, 22 These ideas ͑phenomenological primitives͒ are not tightly linked to formal ideas presented in instruction, but often are expressed using physics terms ͑for example, force and energy͒ which can obscure their actual origins. Moreover, these ideas are not inherently incorrect, but merely applied inappropriately. Thus eradicating them would not be an appropriate goal for instruction. Instead, the challenge is to help students understand specific phenomena in terms of more fundamental principles.
The interpretation of student responses clearly plays an important role in the design of instructional strategies. It is difficult to determine whether some responses that appear to be based on formal principles are in fact based on intuition, with an explanation in physics terminology coming after the fact. Thus a broad-spectrum instructional approach that makes minimal assumptions about underlying causes is appropriate.
V. DEVELOPMENT AND ASSESSMENT OF A TUTORIAL
The introductory calculus-based course at UW is the context in which our group has been developing Tutorials in Introductory Physics, a set of instructional materials designed to supplement the lectures and textbook of a typical introductory course. 2 Each tutorial is intended to help students deepen their understanding of fundamental concepts and to address specific difficulties identified by research.
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On the basis of our findings, we designed a tutorial entitled Equilibrium of Rigid Bodies. 24 Classroom experience and posttest results motivated two significant revisions and numerous small adjustments during its development. Students are given 50 minutes to complete the tutorial. We describe the published version here.
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A. Description of tutorial
The tutorial guides students through applications of the equilibrium conditions to extended objects balanced on a single pivot. Students complete both paper and pencil exercises and simple experiments. The apparatus consists of a T-shaped foam-core board of uniform thickness through which a few small holes have been punched. The board can be hung from a smooth nail mounted horizontally on a vertical stand ͑see Fig. 6͒ .
The first part of the tutorial is intended to help students use the concepts of force and torque to explain why an object will remain at rest if supported at its center of mass. ͑Our research indicated that many students are aware of, but cannot necessarily account for, this phenomenon.͒ Students are guided to draw extended free-body diagrams ͑which indicate the location at which each force is exerted͒ for the T-shaped board when hung from the nail. They are expected to show a gravitational force exerted at the board's center of mass and a normal force exerted at its point of contact with the nail.
They are led to recognize that if the nail is at the board's center of mass, neither force will produce a torque about that point, and the board will remain at rest. Likewise, they find that a nonzero net torque is produced if the board is supported to one side of its center of mass, as in Fig. 6͑a͒ . Observations of the board's behavior in both cases reinforce the students' conclusions.
The second part of the tutorial is intended to help students recognize that having equal amounts of mass on either side of the balance point does not ensure equilibrium. They suspend the T-shaped board from the hole to the left of its center of mass and use a lump of clay to balance it horizontally, as shown in Fig. 6͑b͒ . Most students assume at this point that there is the same amount of mass on both sides of the pivot. Subsequent questions guide them to make two key observations intended to challenge this assumption. By changing the location of the clay, the board-and-clay system can be made to rotate, even though the total amount of mass on each side of the nail is unchanged. By changing the amount of clay and its location, the board can remain balanced even though the total amount of mass on one side has changed. Students conclude that it is not adequate to know how the amounts of mass compare, they need to take into account their locations as well. A fictional dialogue is then presented in which two students discuss a scenario similar to the baseball bat problem, except that the object in question is a hammer: Student 1: ''The hammer is balanced because the center of mass is above my finger. The mass is the same on both sides of the center of mass-that is what the center of mass means.'' Student 2: ''It is not the mass, it is the torque that is the same for both parts of the hammer. If the torques weren't the same, the hammer would rotate.'' The tutorial students are asked to explain how one of these fictional students has misinterpreted the term ''center of mass. '' In the next part of the tutorial students practice applying the idea that there must be torques of equal magnitude applied on both sides of a pivot. They hang the T-shaped board from its center of mass and predict how the pieces to the left and right of the nail compare in mass. Then they use simple geometrical arguments to estimate the locations of the centers of mass of the two pieces. The students reason that the Fig. 6 . The apparatus used in the tutorial. The T-shaped board is made of foam-core material of uniform thickness. ͑a͒ In the first part of the tutorial the board is supported on a smooth nail that passes through a hole to the left of its center of mass. ͑The students observe that the bar can rotate with essentially no friction.͒ ͑b͒ Later the students are directed to use a piece of clay to balance the board ͑again suspended from the hole to the left of its center of mass͒ horizontally.
piece whose center of mass is closer to the nail must have greater mass. They use a board that has been cut into two pieces to check their predictions.
The final section is intended to help students recognize that there is no net torque on an object that is at rest, even if it is tilted. The T-shaped board is placed on the pivot at its center of mass and tilted so that none of its edges is parallel with the ground. The board is held in place and students are asked to predict what will happen when it is released. They draw an extended free-body diagram depicting the forces exerted on the board at that instant. They recognize that neither the gravitational force nor the force exerted by the pivot will produce a torque about the pivot and therefore the board will remain at rest. Subsequent homework problems provide students with additional practice in applying the concepts covered in the tutorial.
B. Assessment of effectiveness of the tutorial
To assess the effectiveness of the tutorial, we administered some of the problems described in Sec. III after the tutorial had been completed. We compare the results to those obtained in other sections of the course after standard instruction but prior to the tutorial, or in academic quarters in which this tutorial was not done. ͑None of the students was asked the same question twice.͒ On the baseball bat problem, correct answers for the mass comparison were given by about 60% of the students in a class whose instruction included the tutorial (Nϭ128). Consistent results were found with similar posttests. As shown in Table II , these results are considerably better than those obtained from students who had not yet worked through the tutorial.
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In interpreting these results, it is important to note that the baseball bat problem is similar to some of the situations presented in the tutorial. However, the results are encouraging when viewed in the light of those obtained after the lecture demonstrations in which students were tested on a problem identical to that used in instruction. Moreover, the success rate is comparable to that of first-year graduate TAs in the UW Physics Department, who take the pretests as part of their preparation as tutorial instructors. About 70% of them have answered the baseball bat question correctly prior to working through the tutorial (Nϭ30). ͑We typically consider a tutorial successful if the posttest performance of the introductory students is comparable to the pretest performance of the TAs.͒
VI. CONCLUSION
In our investigation we found that although most students could analyze the simplest physical situations, few were able to extend this analysis to even slightly more complicated systems. Many students considered only the magnitude of the relevant forces and not the locations at which they were acting ͑effectively neglecting the torques produced͒. We observed similar errors among students in courses at different levels and at different institutions. Thus as in many previously reported investigations, student errors do not appear to arise from the specific circumstances of their instruction. Instead, their difficulties appear to be related to the material itself and its relation to their own prior experiences. By the time they take a college or even a high school physics course, many students know that an equal-arm balance remains at rest horizontally only when the loads placed in its pans are equal; otherwise it tilts down on the side with the heavier load until a new equilibrium is achieved. Formal instruction does not seem to help most of them understand this phenomenon in terms of torque. The force-based rules that sufficed for the balance scale apparently dominate students' reasoning when they are faced with qualitative problems.
The findings have implications for instruction. Unless explicit attention is paid to the distinction between force and torque, many students will continue to view these concepts as aspects of a single undifferentiated quantity. In typical courses, the concept of the center of mass is introduced during instruction in the context of systems of particles and momentum conservation. When continuous mass distributions are introduced, integration is used to find the location of the center of mass. Our results indicate that many students would benefit from learning to model a continuous distribution in terms of a few simple shapes with easily identified centers of mass, an intermediate step between infinitesimal mass elements and the macroscopic object.
Findings from this and other investigations also lend support for an increased emphasis on operational definitions of even apparently trivial concepts-such as equilibrium.
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With a firm, explicit basis for deciding whether a given system has a nonzero velocity or acceleration ͑translational and angular͒, students would be in a much stronger position to apply dynamical principles.
We have reported that many students assume that if two identical point masses are held at different heights, then a greater force must be acting on the upper one, to keep it at a higher level. 27 The students appeared to take the objects' positions as evidence of a nonzero net force. In this study we observed a similar tendency: students implicitly took a tilted orientation, rather than angular acceleration, as evidence of a nonzero net torque. The well-publicized evidence that many students associate velocity with a nonzero net force has influenced many instructors to address this confusion explicitly. 28 Our findings indicate that attention also must be paid to helping students reconcile their intuitions about angular orientation with the rotational analog of Newton's second law.
The question of how such attention must be paid is a critical one. Our results illustrate that hands-on activities performed in small groups do not necessarily result in coherent conceptual understanding any more than passive lecture instruction. Moreover, attempts to target specific difficulties, such as the lecture demonstration based on the baseball bat problem, are not necessarily effective. A strategy that was used at several points in the tutorial can be summarized as three steps: elicit, confront, resolve. 29 Although not a guarantee of effective instruction, this strategy has been shown to be a productive guideline for addressing specific difficulties in many different topic areas. The third phase, in which students are guided in resolving difficulties, is especially crucial. The lecture demonstrations described here provided scant opportunity for such resolution, which may account for their relatively small impact. If additional effort were made to help students reconcile the conflict between their predictions and their observations, then better results are likely. Ultimately, all instruction, even when it appears to follow currently recommended practice, must be carefully assessed.
Helping students to build a coherent framework must go beyond targeting specific difficulties in isolation. Students must be guided in constructing the concepts. They must be given opportunities to strengthen and refine their developing ideas through application to new situations. The instructional materials we are developing are an attempt to do so and have proven to be effective at increasing student understanding.
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